ABSTRACT
pumping well. A Bayesian approach is then used to infer the statistical parameters of the 23 transmissivity field by combining prior information about the parameters and the likelihood 24 function expressed in terms of radially-dependent apparent transmissivities determined from 25 pumping tests. A major advantage of the proposed Bayesian approach is that the likelihood 26 function is readily determined from randomly generated multiple realizations of the 27 transmissivity field, without the need to solve the groundwater flow equation. Applying the 28 method to synthetically-generated pumping test data, we demonstrate that, through a 29 relatively simple procedure, information on the spatial structure of the transmissivity may 30 be inferred from pumping tests data. It is also shown that the prior parameter distribution has 31 a significant influence on the estimation procedure, given the non-uniqueness of the 32 estimation procedure. Results also indicate that the reliability of the estimated transmissivity 33 statistical parameters increases with the number of available pumping tests. are strongly influenced by the heterogeneity of the subsurface system, incorporating the 43 spatial variability of the underlying parameters is essential for the accurate evaluation of 44 groundwater resources, and in particular for the prediction of contaminant transport as a 45 necessary step for the design and implementation of groundwater remediation activities (e.g., 46
Sanchez-Vila and Fernandez-Garcia, 2016) . 47
Complexity in hydrogeological patterns and the lack of detailed data have led researchers to 48 formulate the flow and transport problem within a stochastic framework. With such an 49 approach, flow parameters are defined by spatial random functions whose spatial structure 50 can adequately be expressed in terms of few low-order statistical parameters, namely the 51 spatial mean, variance, and integral scale, which jointly define the covariance function or 52 semi-variogram (Kitanidis, 1997; Renard, 2007) . These statistical parameters are typically 53 determined from measurements of the attribute of interest, provided that a sufficiently large 54 number of data with adequate spatial coverage is available. 55
Groundwater flow and solute transport are strongly affected by the spatial distribution of T. 56
At most sites, the number of T estimates determined from the interpretation of pumping tests 57 is quite limited, hindering the accurate determination of the T covariance function. 58
Moreover, traditional pumping test interpretation methods, such as those based on log-log 59 plots (Theis, 1935) or semilog plots (Cooper and Jacob, 1946) , generally yield single 60 estimates of the flow parameters, which hardly provide information about the underlying 61 heterogeneity. In fact, this averaging process results in T estimates with a smaller variance 62 and a larger integral scale as compared to the actual point distributions, and hence, cannot 63 be used to simulate the impact of small to medium scale variability, which is of interest in 64 many field applications. 65
These limitations motivated many researchers in the last three decades to examine the impact 66 of spatial heterogeneity on the analysis of pumping tests and investigate whether information 67 about the spatial variability of the flow parameters can be inferred from pumping tests (a 68 review of methods and solutions was provided by Sanchez-Vila et al., 2006) . A very early 69 study is Barker and Herbert (1982) , who considered the effect of a high hydraulic 70 conductivity anomaly embedded in an otherwise uniform aquifer. Butler (1988) 
used the 71
Cooper and Jacob (1946) method to investigate the effect of a T anomaly on the interpreted 72 transmissivity; it was shown that, for observation wells located at large distances from the 73 pumping well, the perturbed non-uniform aquifer behaves as a homogeneous aquifer. On the 74 other hand, Butler (1990) showed that the T values estimated with the Theis (1935) method 75 place more weight on the local T, defined as the T in the vicinity of the pumping well. whether Ti(r) can be used to infer the spatial structure of the transmissivity field. The goal is 153 thus to develop a relatively simple pumping test interpretation method that can help in the 154 definition of relevant characteristics of the local scale transmissivity spatial structure without 155 the need for complex inverse modeling. We primarily focus on time-drawdown data derived 156 from pumping tests, which remains a widely used technique for subsurface parameter 157 estimation. 158
For the sake of completion, we present in Section 2 the main features of the CD method, 159 followed by the presentation of the Bayesian approach used to infer the spatial structure of 160 the transmissivity field, namely the variance and the integral scale. because this is more sensitive than the drawdown itself to spatial variation of transmissivity 176 (e.g., Bourdet, 2002) . 177
For two-dimensional flow towards a well in a confined aquifer, the time-dependent 178 drawdown is given by the classical Theis' solution:
, where tT
W(u) is the well (i.e., the exponential integral) function, Q is the pumping rate, r is the 180 separation distance between the pumping and observation wells, t is time, and S is storativity. 181
The ratio of the drawdown to the drawdown time derivative, s'(t,r), can be written as (Copty 182
(1) 184
185
A plot of the function γc is shown in Figure 1 . It is observed that γc increases monotonically 186 with dimensionless 1/u (equivalent to a dimensionless time). For a given pumping test, the 187 ratio of the observed drawdown at any time t to its time derivative provides an estimate of u 188 from (1). From the estimated u value, the interpreted transmissivity and storativity (Ti and 189
Si, respectively) corresponding to that particular moment in time are then estimated as: 190
Applying the above procedure repetitively to the full duration of the test yields time- 
Bayesian Approach for the Estimation of the Variance and Integral Scale 215
Since the estimation of the transmissivity variance and integral scale is generally difficult 216 and therefore associated with a high level of uncertainty, we define these two parameters as 217 random functions. Denoting V and I as the variance and integral scale random functions, 218 respectively, the primary goal of this paper is to estimate their conditional joint probability 219 test by the transmissivity functions derived from the available pumping tests, the conditional 232 joint pdf is rewritten as ( )
denotes the 233 transmissivity estimates derived from pumping tests 1,…N. In other words, the goal here can 234 be restated as the estimation of the joint pdf of V and I conditioned on the estimates of the 235 geometric mean of the T field as a function of radial distance derived from all available 236 pumping tests. To simplify the notation, the variable r is dropped from the ensuing 237 derivations. It is however important to note that k g T , is not a single value but rather a full 238 function of r. 239
Using Bayes' Theorem on conditional probability (e.g. Tarantola, 1987) , the joint pdfs are: 240
where 242
is the likelihood of observing )
is the unconditional pdf of observing
is the prior joint pdf of observing the variance and integral scale values 247 v and i, respectively. 248
The pdf in the denominator of (4) is denoted as ω, and can be expressed from the definitions 249 of the marginal and conditional probabilities (Tarantola, 1987) as: 250
In words, the pdf of
is equal to the probability of observing
given that 252
V=v and I=i, integrated over all possible values of V and I; ω is a normalizing parameter that 253 guarantees that (4) is a proper pdf; that is:
If the separation distances between the different pumping tests is large such that the cones 255 of depression do not significantly overlap (consequently, there is little redundancy in the 256 data), then the pumping tests can be treated as independent (i.e., they sample different 257 volumes of the aquifer). The likelihood function
can be re-written as a 258 product of the individual pdfs: 259
where 261 )
. 278 279 Finally, the marginal pdfs of V and I are computed as: 280
282
The expected values of the variance and integral scale can be computed from the integral of 283 the conditional joint pdf of V and I, ( ) 
This section describes the method used to estimate the likelihood function
. It is assumed that lnT is a multivariate Gaussian random spatial function with exponential 290 semi-variogram. Other semi-variogram functions could also be considered. Multiple 291 realizations (n=1000) of the natural logarithm of the transmissivity were randomly generated 292 for various V and I values using the Turning band method (Mantoglou and Wilson, 1982) . 293
The geometric mean of the transmissivity over a circular area with radius r located at the 294 center of the generated domain was computed as: 295 Analysis of the generated realizations shows that 1000 simulations were sufficient (with 312 error less than 1%). 
Data Generation 382
To demonstrate the above parameter estimation procedure, the procedure was tested using 383 1000 synthetic pumping tests conducted in confined heterogeneous aquifers. The 384 heterogeneous transmissivity fields were generated using the turning bands method. It was 385 assumed that the natural log transform of the transmissivity is a multivariate Gaussian 386 random spatial function with zero mean (Tg=1), an exponential semi-variogram, with 387 variance, V=1, and integral scale, I= 8 length units (lu). Storativity was assumed to be 388 uniform, as field data usually indicate that the spatial variation in storativity is less than that 389 of the transmissivity. The storativity value used in all simulations was 0.0001; which is a 390 typical value for a confined aquifers (Domenico and Schwartz, 1997). 391
The flow domain was assumed to be 481 by 481 lu. A fully penetrating pumping well was 392 placed at the center of the domain. The observation point was assumed to be at a distance of 393 I/8 from the pumping well. Constant head conditions were prescribed along the outer 394 boundaries of the domain. The duration of the pumping test was τ=1, while the pumping rate 395 was fixed at Q=2 (using consistent units for both τ and Q). Pumping tests were terminated 396 before the drawdown data were affected by boundary effects. 397
The pumping tests were simulated using MODFLOW (Harbaugh et al., 2000) . A uniform 398 grid of 1 by 1 lu was used. The drawdown data were analyzed using the CD method yielding 399 one Tg(r) for each of the 1000 simulated pumping tests. Using the proposed Bayesian 400 approach, the inferred Tg(r) was then used to estimate the variance and integral scale. To 401 assess the robustness of the proposed method, a Monte Carlo approach was adopted. First, 402 each of the Tg(r) curves were used independently to estimate the variance and integral scale 403 of the T field. This corresponds to the case when only a single pumping test is present (N=1). 404
The method was then repeated by combining 5 and 10 pumping tests (N =5 and N =10,  405 respectively) to test the performance of the method when multiple wells are present. 
Results 421
The parameter estimation procedure was repetitively applied to all 1000 pumping tests. 422 to the underlying aquifer heterogeneity, or numerically through the generation of multiple 509 realizations of the transmissivity field. 510
The starting point of the present study is the Continuous Derivation method (Copty et al., 511 2011), which uses the drawdown and its time derivative to estimate a function that was 512
shown to be close to the geometric mean of the transmissivity field defined over an 513 increasing radial distance from the pumping well, Tg(r). Analysis of Tg(r) indicated that the 514 early part of the curve is sensitive to the variance of the T field while the rate at which it 515 approaches the geometric mean of T in the full domain could be related to the integral scale. 516
This provided the basis for attempting to use Tg(r) for estimating V and I. 517
The estimation of V and I was formulated using a Bayesian approach which expresses the 518 conditional pdf of V and I as a weighted function of the prior pdf and the likelihood function 519 that is itself dependent on the pumping test data. An important advantage of this approach is 520 that the likelihood function is readily computed from multiple realizations of the 521 transmissivity without the need to solve potentially complex inverse problems. Another 522 feature of the Bayesian approach is that it provides a measure of the uncertainty of the 523 estimated statistical parameters. 524
The Bayesian estimation procedure was applied to a number of synthetic pumping tests. The 525 analysis assumed that the natural log transform of the transmissivity distribution is a 526 multivariate Gaussian random spatial function with an exponential variogram. The variance 527 and integral scale were assumed to have a uniform joint prior distribution. The diffuse prior 528 distributions considered in this application and the non-uniqueness of the likelihood function 529 means that the results of the estimation procedure can be associated with a significant level 530 of uncertainty, highlighting the challenges of the parameter estimation problem. Single as 531 well as multiple pumping tests (N=5 and N=10) were assumed to be available. In the case 532 when multiple pumping tests were available, it was further assumed that they are located far 533 from each other such they sample different portions of the aquifer. 534
The significance of the Bayesian estimation procedure becomes apparent when the 535 conditional distribution of V and I is compared to the prior pdf of V and I which represents 536 the level of information available prior to conducting the pumping tests. It is shown that 537 improved estimates of V and I are obtained as the number of available pumping tests 538 increases or when more accurate prior distributions are available. The results of this 539 numerical example show that as little as 5 pumping tests may be sufficient to yield reliable 540 estimates of the statistical parameters of the transmissivity field. 541
Overall, the proposed interpretation procedure can be viewed as an extension of traditional 542 pumping test interpretation procedures, such as the Theis method, that besides best-fit 543 estimates of the storativity and transmissivity, can potentially also provide estimates of the 544 variance and integral scale of the transmissivity field. 545 546
